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We derive proper-time Lyapunov exponent (λp) and coordinate-time Lyapunov expo-
nent (λc) for a regular Hayward class of black hole. The proper-time corresponds to τ and
the coordinate time corresponds to t. Where t is measured by the asymptotic observers
both for for Hayward black hole and for special case of Schwarzschild black hole. We
compute their ratio as
λp
λc
=
(r3σ+2l
2m)√
(r2σ+2l
2m)3−3mr5σ
for time-like geodesics. In the limit of
l = 0 that means for Schwarzschild black hole this ratio reduces to
λp
λc
=
√
rσ
(rσ−3m)
. Us-
ing Lyponuov exponent, we investigate the stability and instability of equatorial circular
geodesics. By evaluating the Lyapunov exponent, which is the inverse of the instability
time-scale, we show that, in the eikonal limit, the real and imaginary parts of quasi-
normal modes (QNMs) is specified by the frequency and instability time scale of the
null circular geodesics. Furthermore, we discuss the unstable photon sphere and radius
of shadow for this class of black hole.
Keywords: Lyapunov exponent, Quasi-normal modes, Schwarzschild black hole, Geodesic
Stability, Photon sphere.
1. Introduction
An elementary set of unstable circular orbits about a Schwarzschild black hole (BH)
are consequences of the non-linearity of general theory of relativity. Their instability
1
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could be measured by a positive Lyapunov exponent.1 Albeit the Lyapunov expo-
nent are often related with chaotic dynamics,2, 3 the geodesics about a Schwarzschild
BH are not chaotic; the orbits are completely solvable and hence integrable. The
unstable geodesic orbits should have positive Lyapunov exponent,4 which has the
invariant properties first established in.5 Lyapunov exponent has a great impact
on general relativity for its numerous applications: they are relative and depend
on the coordinate system used, they vary from orbit to orbit. In this work, we are
interested to focus on analytical formulation of Lyapunov exponent and QNMs in
terms of the expressions of the radial equation of circular geodesics about a BH
space-time. In this regard an equatorial circular geodesics about a BH may play
crucial role in general theory of relativity for classification of the orbits.
Black holes and singularities are approached to be unavoidable predictions of the
theory of general relativity (GR). In order to solve the black hole singularity, sev-
eral phenomenological propositions have been studied in the existing literatures.
Bardeen BH6 was the first model that has proposed as a spherically symmetric
compact object with an event horizon and satisfying the weak energy condition. In
the year 2006, Hayward7 proposed the formation and evaporation of a new kind
of regular solution in space-time. The static region of a Hayward space-time is
similar to Bardeen black hole. In the article8 , the authors discussed the massive
scalar quasinormal modes of the Hayward black hole. In this study, variations of the
Hayward solutions have also been studied as Hayward with charge9 and Rotating
Hayward10.
The authors in11–13 derived the Lyapunov exponent to study the instability for the
circular null geodesics in terms of the expressions for QNM of spherically symmetric
space-time. Here, the main focus is on the null circular geodesics, which play an
important role for the Lyapunov exponent. The null circular geodesics is described
by the shortest possible orbital period as estimated by the asymptotic observers.14
The time circular geodesics provide the slowest way to circle the BH, among all the
possible circular geodesics.
The QNMs spectrum for stable BH represents an infinite set of complex frequencies,
which designates damped oscillations for the amplitude. It is clear that the oscilla-
tions with lower level of damping rate is controlled with slow time, whereas oscil-
lations with higher level of damping rate are exponentially terminated.15 In 1971,
Press,16 first introduced the term ‘quasi-normal frequency’. He showed that when
a Schwarzschild BH is perturbed it vibrates with an angular frequency ω = ℓ√
27M
.
Where M is BH mass and ℓ is spherical symmetric index. He then interpreted it
as vibration frequency of BHs. In the same year the lowest QNMs were computed
by investigating test particle falling about Schwarzschild BH. So far the QNMs
has been explored substantially in diverse field. The WKB method gives an exact
estimation of QNM frequency in the eikonal limit. Also WKB method was first
introduced by Schutz and Will17 to analyze the problem of scattering about BH.
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The plan of the ar proper time Lyapunov a exponent λp and coordinate time
Lyapunov exponent λc in terms of second order derivative of the effective potential
for the radial motion r˙2:
λp = ±
√
(r˙2)′′
2
, (1)
λc = ±
√
(r˙2)′′
2t˙2
. (2)
In Sec. 3, we describe the equatorial circular geodesics of spherically symmetric
regular Hayward BH. Then we calculate the Lyapunov exponent in terms of the
timelike circular geodesics and null circular geodesics. We also discuss the gravita-
tional bending of light and photon sphere for this BH.
In Sec. 4, we derive the relation between QNMs in the eikonal limit and
Lyapunov exponent of a static, spherically symmetric regular Hayward BH. In the
limit l = 0, one obtains the QNMs frequency of spherically-symmetric Schwarzschild
BH which was first calculated in26.
Moreover we compute the angular velocity Ωc of the unstable null geodesics.
Also, we compute the Lyapunov exponent, which investigates the instability of the
time-scale of circular orbit18–20 also which is in agreement with analytic WKB
approximations of QNMs of the Hayward BH in the eikonal limit. Thus the QNMs
frequency in the eikonal limit is found to be
ωQNM = j
(√
m (r3c − 4ml2)
(r3c + 2ml
2)
)
− i
(
n+
1
2
)√
3m2[r5c − 6l2(r3c − 2ml2)]
(r3c + 2ml
2)3
, (3)
where n represents the overtone number and j represents the angular momentum
of the perturbation.
For schwarzschild BH, the QNMs frequency becomes
ωQNM = j
√
m
r3c
− i
(
n+
1
2
) √
3m
r2c
. (4)
The real part of the complex QNM frequency can be determined by the angular
velocity of the unstable null geodesics and the imaginary part is related to the
instability time scale of the orbit. Finally, we briefly discuss about the outcome of
this paper in Sec. 5.
2. Proper time Lyapunov exponent, Coordinate time Lyapunov
exponent and Geodesic stability
The Lyapunov exponent or Lyapunov characteristic exponent of a dynamical system
is a measure of the average rate of expansion and contraction of adjacent trajectories
a Since the Lyapunov exponent is explicitly coordinate dependent and therefore have a degree
of un-physicality. That’s why we define two types of Lyapunov exponent. One is coordinate type
Lyapunov exponent and the other one is proper time Lyapunov exponent. This is strictly for
timelike geodesics.
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in the phase space. A negative Lyapunov exponent designates the convergence be-
tween nearby trajectories. A positive Lyapunov exponent determines the divergence
between nearby geodesics in which the path of such a system are the most active
to change the starting circumstances. The vanishing Lyapunov exponent designates
the existence of marginal stability. The equation of motion in terms of Lyapunov
exponents for geodesic stability analysis should be written as
dZi
dt
= Fi(Zj), (5)
and its linearized form around a certain orbit is
dδZi(t)
dt
= Aij(t)δZj(t). (6)
Here,
Aij(t) =
∂Fi
∂Zj
∣∣∣∣∣
Zi(t)
, (7)
represents the linear stability matrix.18 Now, the solution of the Eq. (2) can be
written as
δZi(t) = Xij(t)δZj(0), (8)
where Xij(t) represents the evolution matrix, which leads to
X˙ij(t) = AimXmj(t), (9)
with Xij(0) = δij . The principal Lyapunov exponent λ can be expressed in terms
of the eigenvalues Xij as follows:
λ = lim
t→∞
1
t
log
(
Xij(t)
Xmj(0)
)
. (10)
If there exists a set of n Lyapunov exponents connected with an n-dimensional
independent system, then they can be arranged by the size as
λ1 ≥ λ2 ≥ λ3 ≥, .....,≥ λn. (11)
The set of n numbers of λi are known as Lyapunov spectrum.
In an equatorial plane, for any static spherically symmetric space-time, the La-
grangian of a test particle can be written as
L = 1
2
[
gtt t˙
2 + grr r˙
2 + gφφ φ˙
2
]
. (12)
From the above expression, the canonical momenta can be derived as
pq =
∂L
∂q˙
. (13)
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The generalized momenta derived from the above Lagrangian are
pt = gttt˙ = −E = Const, (14)
pφ = gφφφ˙ = L = Const, (15)
pr = grrr˙. (16)
Here, ‘dot’ represents the differentiation with respect to proper time (τ). E and
L are the energy and angular momentum per unit rest mass of the test particle,
respectively.
Now, from Euler-Lagrange’s equation of motion, we can write
dpq
dτ
=
δL
δq
. (17)
Linearizing the above equation of motion in two-dimensional phase space with re-
spect to Zi(t) = (pr, r), around the circular orbit (taking r as a constant), we get
dpr
dτ
=
∂L
∂q
and
dr
dτ
=
pr
grr
, (18)
and an infinitesimal evolutionary matrix can be expressed as
Aij =
(
0 A1
A2 0
)
, (19)
where
A1 =
d
dr
(
t˙−1
δL
δr
)
, (20)
A2 = −(t˙grr)−1. (21)
For the case of circular orbit, the eigenvalues of the matrix are called principal
Lyapunov exponent which can be written as
λ2 = A1A2. (22)
Then the Lagrange’s equation of motion leads to
d
dτ
(
∂L
∂r˙
)
− ∂L
∂r
= 0, (23)
and
d
dτ
(
∂L
∂r˙
)
=
d
dτ
(−grrr˙) = −r˙ d
dr
(−grrr˙). (24)
Thus, the Lyapunov exponent in terms of square of radial velocity r˙2, can be ex-
pressed as
∂L
∂r
=
d
dr
(−r˙grr)2
= − 1
2grr
d
dr
(r˙2g2rr). (25)
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Finally, from (22) and (25), the principal Lyapunov exponent can be written as
λ2 =
1
2
1
grr
d
dr
[
1
grr
d
dr
(r˙grr)
2
]
. (26)
For the case of circular geodesics,21 we have
r˙2 = (r˙2)′ = 0, (27)
where r˙2 is the square of radial potential or effective radial potential. From (26),
we can obtain the proper time Lyapunov exponent as
λp = ±
√
(r˙2)′′
2
, (28)
and the coordinate time Lyapunov11 can be derived from (26) as follows
λc = ±
√
(r˙2)′′
2t˙2
. (29)
The above Eqs. (28) and (29) for λp and λc are respectively satisfied for any spher-
ically symmetric BH space-times.22–24 Now, we shall drop the ± sign and consider
only positive Lyapunov exponent. The circular orbit is stable when λ is imaginary,
the circular orbit is unstable when λ is real and for λ = 0, the circular orbit becomes
marginally stable or saddle point.
Due to Pretorius and Khurana,25 we can define the critical exponent as
γ =
Ω
2πλ
=
Tλ
TΩ
, (30)
where Tλ represents the Lyapunov time scale, TΩ represents the orbital time scale
and Ω represent the angular velocity, where Tλ =
1
λ
and TΩ =
2π
Ω . Now, the critical
exponent can be written in terms of second order derivative of the square of radial
velocity (r˙2), as
γp =
1
2π
√
2Ω2
(r˙2)′′
, (31)
γc =
1
2π
√
2φ˙2
(r˙2)′′
. (32)
Here, φ is an angular coordinate. For circular geodesics (r˙2)′′ > 0, which implies
instability. Now, we shall determine the equatorial circular geodesics of Hayward
space-time.
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Fig. 1. The figure shows the f(r) versus r. Here, l = 0.5 for Hayward BH.
3. Equatorial Circular Geodesics in Spherically Symmetric metric
Hayward Space-time
In this paper, the metric7 for a static, spherically symmetric space-time can be
taken as follows
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2), (33)
where
f(r) =
(
1− 2mr
2
r3 + 2l2m
)
. (34)
Here, the parameters l and m are positive constants. This is similar to the
Bardeen BH, which can be reduced to the Schwarzschild solution for l = 0, and
become flat space-time for m = 0.
The function f(r) is plotted in Fig. 1. One can observe that the geometry is
similar to the Schwarzschild BH with a single horizon. Also there could be a sin-
gle, double or no horizon which depends on the relation between the parameters.
Hayward7 discussed the formation and evaporation of this new kind of regular and
non singular BH where the static region is Bardeen-like and the dynamic regions
are Vaidya-like and this inspired scientists to construct a compact star model. This
motivates us for considering the regular Hayward black holes. .
3.1. Circular orbits
To calculate the geodesics in an equatorial plane for space-time of (33), we follow
the work of Chandrasekhar.21 In an equatorial plane, we set θ˙ = 0 and θ = π2
= constant. Here, we restrict our attention to the equatorial orbits, for which the
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Lagrangian is given by
2L =
[
−
(
1− 2mr
2
r3 + 2l2m
)
t˙2 +
r˙2(
1− 2mr2
r3+2l2m
) + r2φ˙2], (35)
where φ represents an angular coordinate. By using (13), the generalized momenta
can be represented as
pt = −
(
1− 2mr
2
r3 + 2l2m
)
t˙ = −E = const, (36)
pφ = r
2φ˙ = L = const, (37)
pr =
r˙(
1− 2mr2
r3+2l2m
) . (38)
The Lagrangian is independent on both t and φ, so pt and pφ are the conserved
quantities. Solving Eqs. (36) and (37) for t˙ and φ˙, we get
t˙ =
E(
1− 2mr2
r3+2l2m
) and φ˙ = L
r2
. (39)
The normalization of the four velocity vector (uα) can be represented as an integral
equation for the geodesic motion
gαβu
αuβ = ξ, (40)
which is equivalent to
−Et˙+ Lφ˙+ r˙
2(
1− 2mr2
r3+2l2m
) = ξ. (41)
Here, ξ = −1, 0, 1, represents the time-like geodesics, null geodesics and space-like
geodesics, respectively. Replacing the values of t˙ and φ˙ from (39) in (41), we obtain
the radial equation for spherically symmetric space-time:
r˙2 = E2 −
(
L2
r2
− ξ
)(
1− 2mr
2
r3 + 2l2m
)
. (42)
3.1.1. Time-like geodesics
The radial equation of test particle for time-like circular geodesics24, 26 is given by
r˙2 = E2 −
(
1 +
L2
r2
)(
1− 2mr
2
r3 + 2l2m
)
. (43)
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Fig. 2. The effective potential Vef , for null-circular geodesics in Hayward BH and in Schwarzschild
BH is compared. The constants are with m = 1, L = 1, E = 1 and for HBH l = 0.5.
For circular orbit with constant r = rσ and using the condition (27), we get the
energy and angular momentum per unit mass of the test particle are
E2σ =
(r3σ + 2l
2m− 2mr2σ)2
(r3σ + 2l
2m)2 − 3mr5σ
, (44)
L2σ =
mr4σ(r
3
σ − 4l2m)
(r3σ + 2l
2m)2 − 3mr5σ
. (45)
In order to obtain the energy and angular momentum real and finite, the conditions
(r3σ + 2l
2m)2 > 3mr5σ and mr
4
σ(r
3
σ − 4l2m) > 0 must be satisfied. Thus the orbital
velocity becomes
Ωσ =
φ˙
t˙
=
√
m(r3σ − 4l2m)
r3σ + 2l
2m
. (46)
3.1.2. Null geodesics
In case of null geodesics, there is no proper time for photons. Thus, we have to
calculate only the coordinate time Lyapunov exponent. The radial equation of the
test particle for null circular geodesics is
r˙2 = Vef = E
2 − L
2
r2
(
1− 2mr
2
r3 + 2l2m
)
. (47)
The comparison between the Hayward BH and Schwarzschild BH effective poten-
tials are shown in Fig. 2 for null-circular geodesics. Fig. 2 shows that the effective
potential of Hayward BH is smallest compared to Schwarzschild BH.
Now, the energy and angular momentum at r = rc, for the null geodesics is
Ec
Lc
= ±
√
(r3c + 2l
2m− 2mr2c)
r2c (r
3 + 2l2m)
and (r3c + 2l
2m)2 − 3mr5c = 0. (48)
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Let Dc =
Lc
Ec
be the impact parameter, then the equation (48) reduces to
1
Dc
=
Ec
Lc
=
√
m(r3c − 4l2m)
(r3c + 2l
2m)
= Ωc =
φ˙
t˙
. (49)
3.2. Bending of light
A unstable circular photon orbit is called “Photon Sphere”. The unstable photon
sphere constitutes the shadow of the BH. From Eq. (37) and Eq. (38) we find
dr
dφ
=
r˙
φ˙
=
pr
(
1− 2mr2
r3+2l2m
)
r2
L
. (50)
Again the Eq. (47) can be written as
p2r
(
1− 2mr
2
r3 + 2l2m
)
=
E2
(1− 2mr2
r3+2l2m )
− L
2
r2
. (51)
We can obtain pr from above equation as
pr = ±
√
1
(1− 2mr2
r3+2l2m )
√
E2
(1− 2mr2
r3+2l2m )
− L
2
r2
. (52)
Using pr from Eq. (52), we can write the Eq. (50) as follows
dr
dφ
= ±
√
r2
(
1− 2mr
2
r3 + 2l2m
)√
E2
L2
χ2(r) − 1, (53)
where,
χ2(r) =
r2(
1− 2mr2
r3+2l2m
) (54)
A light ray which comes in from infinity, reaches at minimum radius R and again
goes back to infinity, the bending angle (βbending) is given by the formula
βbending = −π + 2
∫ ∞
R
dr√
r2
(
1− 2mr2
r3+2l2m
)(
E2
L2
χ2(r)− 1
) (55)
Since R is the turning point of the trajectory, the condition dr
dφ
|R=0 must be hold.
Which implies the following equation
χ2(R) =
L2
E2
. (56)
Then the deflection angle can be written in terms of R as
βbending = −π + 2
∫ ∞
R
dr√
r2
(
1− 2mr2
r3+2l2m
)(
χ2(r)
χ2(R) − 1
) (57)
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After putting the value of χ2(r) and χ2(R), the equation of bending angle of Hay-
ward BH is
βbending = −π + 2
∫ ∞
R
dr√
r2
(
1− 2mr2
r3+2l2m
)(
r2
D2
(
1− 2mr2
r3+2l2m
) − 1
) (58)
where, D = L
E
is the impact parameter of the Hayward BH. The exact formula of
bending angle is derived in37 .
3.2.1. Radius of the Shadow
A circular light orbits corresponds to zero velocity and acceleration, so that r˙ = 0
and r¨ = 0 , implies that pr = 0 and p˙r = 0. From Eq. (51) we obtain
E2
(1− 2mr2
r3+2l2m )
− L
2
r2
= 0 (59)
Now differentiating Eq. (51) with respect to affine parameter and putting the value
of pr = 0 and p˙r = 0 we have
E2(8m2l2r − 2mr4)
(r3 + 2l2m− 2mr2)2 +
2L2
r3
= 0 (60)
From equations (59) and (60) we have
L2 =
r2E2(r3 + 2l2m)
(r3 + 2l2m− 2mr2) =
r3E2(2mr4 − 8m2l2r)
2(r3 + 2l2m− 2mr2)2 (61)
Subtracting these two equations and after some simplification we can obtain an
equation for radius of the circular light orbit in the following form
d
dr
χ2(r) = 0 (62)
Hence, from Eq. (62), the equation of photon sphere is at r = rc
r6c − 3mr5c + 4ml2 r3c + 4m2 l4 = 0 (63)
Let rps = rc be the real root of the equation then rps is the radius of circular photon
sphere.37 Let R be the critical value of the minimum radius. Then we can write R
in terms of rps as follows
R =
r2ps(r
3
ps + 2l
2m)
(r3ps + 2l
2m− 2mr2ps)
(64)
Here, we consider a light ray which is send from the observer’s position at rc into
the past under an angle β with respect to the radial direction. Therefore, we have
cotβ =
1√
r2
(
1− 2mr2
r3+2l2m
) drdφ |R=0 (65)
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Again from Eq. (53) we have
dr
dφ
= ±
√
r2
(
1− 2mr
2
r3 + 2l2m
)√
χ2(r)
χ2(R)
− 1. (66)
For the angle β we have
cot2 β =
χ2(rc)
χ2(R)
− 1, (67)
and
sin2 β =
χ2(R)
χ2(rc)
=
D2c(r
3
c + 2l
2m− 2mr2c )
r2c (r
3
c + 2l
2m)
. (68)
The boundary of Shadow βshadow is described by light rays which spiral asymptot-
ically towards a circular light orbit at radius rps. Then the angular radius of the
shadow is given by
sin2 βshadow =
χ2(rps)
χ2(rc)
=
r2ps(r
3
ps + 2l
2m− 2mr2ps)(r3c + 2l2m)
r2c (r
3
c + 2l
2m− 2mr2c )(r3ps + 2l2m)
, (69)
where rps has to be determined from the equation (63).
3.3. Lyapunov exponent
3.3.1. Time-like case
Using Eqs. (28) and (29), the proper time Lyapunov exponent and coordinate time
Lyapunov exponent becomes
λp =
√
−m [r5σ(rσ − 6m) + 22ml2 r3σ − 32l4m2]
(r3σ + 2l
2m) [(r3σ + 2ml
2)2 − 3mr5σ]
, (70)
λc =
√
−m (r5σ(rσ − 6m) + 22ml2 r3σ − 32 l4m2)
(r3σ + 2ml
2)3
. (71)
The time-like circular geodesics is stable when r5σ(rσ−6m)+22l2mr3σ−32l4m2 > 0,
that is, λp and λc become imaginary. The time-like circular geodesics is unstable
when r5σ(rσ − 6m) + 22l2mr3σ − 32l4m2 < 0, that is, λp and λc become real and the
time-like circular geodesics is marginally stable when r5σ (rσ − 6m) + 22ml2 r3σ −
32l4m2 = 0, that is, λp and λc becomes zero.
Now one can analyze the equation r6σ − 6mr5σ + 22ml2 r3σ − 32l4m2 = 0 which
gives us the radii of innermost stable circular orbit. Since it is a non-trivial equation.
One can determine its root numerically for various values of l. For example if we
choose the value of l = 1 then one obtains the ISCO radius at risco = 5.19m. For
l = 2, we find ISCO radius is at risco = 1.91m.
The ratio of proper time Lyapunov exponent and coordinate time Lyapunov expo-
nent is
λp
λc
=
(r3σ + 2l
2m)√
(r3σ + 2l
2m)2 − 3mr5σ
. (72)
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Fig. 3. The variation of
λp
λc
with rσ
m
for Hayward BH.
One could see the variation of
λp
λc
in graphically (See Fig. 3) for Hayward BH.
It can be easily seen from above Fig.3 that, the ratio of λp and λc varies from
orbit to orbit for various values of l
m
. Also, Fig.3 shows that the ratio
λp
λc
of Hay-
ward BH is smallest compared to Schwarzschild ( l
m
= 0) BH.
Therefore, the reciprocal of critical exponent is given by
1
γp
=
TΩ
Tλ
= 2π
√
− [r5σ (rσ − 6m) + 22ml2 r3σ − 32l4m2] (r3σ + 2l2m)
(r3σ − 4l2m) [(r3σ + 2l2m)2 − 3mr5σ]
. (73)
Special case:
For Schwarzschild BH l = 0, the proper time Lyapunov exponent and coordinate
time Lyapunov exponent are given by
λSchp =
√
−m(rσ − 6m)
r3σ(rσ − 3m)
, (74)
λSchc =
√
−m(rσ − 6m)
r4σ
. (75)
The ratio of
λp
λc
reduces to
λp
λc
=
√
rσ
(rσ − 3m) . (76)
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The reciprocal of critical exponent for schwarzschild BH is given by
1
γp
=
TΩ
Tλ
= 2π
√
−(rσ − 6m)
(rσ − 3m) . (77)
When rσ = 4m, the circular orbit become unstable and critical exponent (γp)
become 1
2
√
2π
. In this case, Lyapunov time scale Tλ =
1
λ
will be less than the orbital
time scale TΩ =
2π
Ω , that is, Tλ < TΩ in the approximation of a test particle around
a Schwarzschild BH.
3.3.2. Null geodesics
By using Eq. (29) the Lyapunov exponent for null geodesics is given by
λc =
√
3m2 [r5c − 6l2(r3c − 2l2m)]
(r3c + 2l
2m)3
. (78)
Here we can see that the circular geodesics is unstable as λc is real.
Special case:
For Schwarzschild BH l = 0, the Lyapunov exponent becomes
λSchc =
√
3m
r2c
. (79)
It can be easily seen that for rc = 3m; λ
Sch
c is real which implies that Schwarzschild
photon sphere is unstable.
4. Null Circular Geodesic and QNMs for Hayward BH in the
Eikonal limit
We consider the usual wave like equation, with an effective potential which was
first derived by Iyer and Will,27
d2Y
dr2∗
+Ψ0Y = 0, (80)
where,
Ψ0 = w
2 − Vs(r) (81)
and
Vs(r) =
[
j(j + 1)
r2
+
2m(r3 − 4l2m)
(r3 + 2l2m)2
](
1− 2mr
2
r3 + 2l2m
)
(82)
Here,where j being the angular harmonic index, Y represents the radial part of
the perturbation variable and r∗ is a convenient “tortoise” coordinate, ranging from
−∞ to +∞.
August 26, 2020 1:24 WSPC/INSTRUCTION FILE mplaf1
15
The radial coordinate r and the tortoise coordinate r∗ are related by the following
equation
dr
dr∗
= 1− 2mr
2
r3 + 2l2m
. (83)
In case of the eikonal limit (j →∞), we get
Ψ0 ≃ ω2 − j
2
r2
(
1− 2mr
2
r3 + 2l2m
)
. (84)
With the help of Eq. (84), we can find the maximum value of Ψ0 which occurs at
r = ro
(r3o + 2l
2m)2 − 3mr5o = 0. (85)
Also from the null circular geodesic at r = rc , we obtain
(r3c + 2l
2m)2 − 3mr5c = 0. (86)
Since the location of the null circular geodesics and the maximum value of Ψ0 are
coincident at rc = ro, then we get the following QNM condition
28, 29
Ψ0(ro)√
−2Ψ′′0 (ro)
= i(n+ 1/2), (87)
where Ψ
′′
0 ≡ d
2Ψ0
dr2
∗
and Eq. (87) is evaluated at an extremum of Ψ0 (the point r0 at
which dΨ0
dr∗
= 0).
Now, the formula (87) allows us to conclude that, in case of the large-j limit
ωQNM = j
(√
m(r3c − 4l2m)
(r3c + 2l
2m)
)
− i
(
n+
1
2
)√
3m2 [r5c − 6l2(r3c − 2l2m)]
(r3c + 2l
2m)3
. (88)
Fig. 4. The figure shows QNMs frequency Re(w) versus r (left Panel) and Im(w) versus r (right
panel) of HBH and Sch BH ; the other parameters fixed to m = 1 and l = 0.7(solid), l = 1(dashed)
and l = 1.2(dotted) for HBH.
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Fig. 5. The figure shows QNMs frequency Re(w) versus m (left Panel) and Im(w) versus m
(right panel) of HBH and Sch BH ; the other parameter fixed to l = 0.5 for HBH.
Fig. 6. The figure shows QNMs frequency Re(w) versus l (left Panel) and Im(w) versus l (right
panel) of Hayward BH; the other parameter fixed to m = 1 .
Cardoso et al.11 showed in general sense that this is one of the most impor-
tant results of QNMs and the significance of the Eq. (88) is that in case of eikonal
limit,30 the real and imaginary parts of the QNMs31–33, 36 of the spherically symmet-
ric, asymptotically flat Hayward regular BH space-time are given by the frequency
and instability time scale of the unstable null circular geodesics.
Special case:
For Schwarzschild BH l = 0, in case of eikonal limit the frequency of QNM is given
by
ωQNM = j
√
m
r3c
− i
(
n+
1
2
) √
3m
r2c
. (89)
Hence, by determining the Lyapunov exponent, we established that in case of eikonal
limit, the frequency of quasi-normal modes of Schwarzschild BH might be deter-
mined by the parameters of the null circular geodesics.
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In Fig.4, Re(w) is plotted as a function of r (left panel) by varying l. When l
increase, the height of the Re(w) decrease. Also Im(w) is plotted as a function of r
(right panel) by varying l. One can observe that Im(w) decreases when r increases
and Im(w) of Hayward BH is the smallest compared to Schwarzschild BH.
The Fig.5, shows that the behavior is similar for Hayward BH and Schwarzschild
BH in both cases Re(w) and Im(w) increase when m is increase, respectively. In
fact Im(w) is linearly dependent on m. Also, the angular velocity and instability
time scale of null-circular geodesics of Hayward BH is the smallest compared to
Schwarzschild BH regardless of the value of mass, respectively.
In Fig.6, Re(w) is plotted against l (left panel) and Im(w) is plotted against
l (right panel). Both of Re(w) and Im(w) are decrease when l increases, that is,
the modes decays faster for large l. Compared to the Schwarzschild BH (l = 0) the
modes decays faster.
5. Conclusions
We investigated the geodesic stability via Lyapunov exponent for a static, spheri-
cally symmetric regular Hayward BH. We have considered both time-like case and
null case. Using Lyapunov exponent one can easily determined whether the geodesics
is stable or unstable or marginally stable. Also, we computed the QNMs frequency
in the geometric-optics approximation (eikonal) limit. We have showed that the real
part of QNMs frequency are evaluated by the angular velocity in terms of the un-
stable circular photon orbit. While the imaginary part is related to the instability
time scale of photon orbit.
Moreover, we examined the Lyapunov exponent that could be used to established
the instability of equatorial circular geodesics both for time-like and null cases.
When the parameter l = 0, one gets the result of Schwarzschild BH. We derived
both the proper time Lyapunov exponent and coordinate time Lyapunov exponent.
We have calculated their ratio. We have also calculated the reciprocal of critical
exponent. Moreover, we have showed that for any unstable circular orbit, TΩ > Tλ,
that is, orbital time scale is greater than the Lyapunov time scale.
The most important result that we derived is the relation between unstable null
circular geodesics and QNMs frequency in the eikonal limit. Moreover we discussed
the gravitational bending of light and radius of shadow for this regular BH.
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